Abstract. In this paper, it is proved that the Banach algebra A(L), generated by a Lie algebra L of operators, consists of quasinilpotent operators if L consists of quasinilpotent operators and A(L) consists of polynomially compact operators. It is also proved that A(L) consists of quasinilpotent operators if L is an essentially nilpotent Engel Lie algebra generated by quasinilpotent operators. Finally, Banach algebras generated by essentially nilpotent Lie algebras are shown to be compactly quasinilpotent.
1. Introduction. Let X be a Banach space, B(X ) be the Banach algebra consisting of all bounded linear operators on X , and K(X ) be the ideal of compact operators. In B(X ), we can define the Lie product [ , ] : [T 1 , T 2 ] = T 1 T 2 − T 2 T 1 for any T 1 , T 2 ∈ B(X ). So B(X ) can be considered as a Lie algebra. For M ⊂ B(X ), the Lie algebra generated by M , denoted by ε(M ), is the smallest Lie algebra containing M . Let A(M ) denote the associative algebra generated by M , and M the closure of M in B(X ).
As usual, a compact and quasinilpotent operator is called a Volterra operator. Rad(A) denotes the Jacobson radical of a Banach algebra A.
Let L be a normed Lie algebra. A Banach Lie algebra is a complete normed Lie algebra. L is called an Engel Lie algebra if the adjoint operator ad a : x → [a, x] is quasinilpotent for every a ∈ L. Similarly, a normed algebra A is called an Engel algebra if the adjoint operator ad a : x → [a, x] is quasinilpotent for every a ∈ A. It is clear that nilpotent Lie algebras of operators are Engel Lie algebras.
To generalize the classical Engel theorem, W. Wojtyński posed the following question in [14] : Question 1.1 (The generalized Engel theorem). Let X be a Banach space and L be a Banach Lie subalgebra of B(X ) consisting of quasinilpotent operators. Does the associative subalgebra of B(X ) generated by L also consist of quasinilpotent operators?
One should note that there is a Lie algebra L consisting of nilpotent operators such that the Banach algebra A(L) does not consist of quasinilpotent operators [4] .
V. S. Shulman and Y. V. Turovskiȋ have proved the following remarkable result (see [9, Theorem 11.4] ): Lemma 1.1. Suppose that a nonscalar Lie algebra L ⊂ B(X ) is the image of an Engel Banach Lie algebra under a bounded representation. If L contains a nonzero compact operator , then L has a nontrivial hyperinvariant subspace.
As a corollary of Lemma 1.1, the following result is true (see [9, Corollaries 11.5 and 11.6]): Theorem 1.1. Let L be an Engel Lie algebra consisting of compact operators. The closed subalgebra of B(X ) generated by L is commutative modulo the Jacobson radical. Moreover , any nonzero Lie algebra L of Volterra operators generates a Volterra algebra.
The following lemma will be used frequently (see [12] ). In this paper, we will generalize Theorem 1.1 to noncompact operators.
2. Algebras consisting of polynomially compact operators. In this section, we will generalize Theorem 1.1 to the Banach algebra of polynomially compact operators.
An operator T on an infinite-dimensional complex Banach space X is polynomially compact if there exists a nonzero complex polynomial p such that the operator p(T ) is compact. If T k is compact for some k, we say that T is a power compact operator. We refer to [7] for the basic properties of polynomially compact operators. For the quotient mapping, we have the following result: Lemma 2.2. Let A(L) be the Banach algebra generated by a Lie algebra L, I be a closed ideal of A(L), and q :
The following result may be known, but we cannot find the exact reference. Proof. First, we will prove that A(L) consists of power compact operators.
Let
That is, every element in B is algebraic. By Proposition 2.1, B/Rad(B) is finite-dimensional. Let γ : B → B/Rad(B) be the natural homomorphism. By Lemma 2.2, it is clear that B is the Banach algebra generated by q(L), and B/Rad(B) is the Banach algebra generated by the Lie algebra γ(q(L)). For every Q ∈ L, since Q is quasinilpotent, so is γ(q(Q)) in B/Rad(B). Note that B/Rad(B) is finite-dimensional, so γ(q(L)) is a finitedimensional Lie algebra consisting of quasinilpotent elements. Since B = Rad(B) consists of nilpotent elements, B is nilpotent as an associative algebra by Proposition 2.1. So B is nilpotent as a Lie algebra. Therefore, L is essentially nilpotent. By Lemma 2.1, A(L) consists of quasinilpotent operators.
Remark 2.1. It is easy to see that if L consists of quasinilpotent operators which are power compact with uniform index (that is, there exists some n ∈ N such that T n is compact for every T ∈ L), then A(L) consists of quasinilpotent operators. In fact, L is then essentially nilpotent, and A(L) consists of quasinilpotent operators by Lemma 2.1. 
Essentially nilpotent
Recall that a Riesz operator is an operator T in B(X ) such that π(T ) is quasinilpotent in B(X )/K(X ). If Q is a quasinilpotent operator and V is a gap-quotient of Lat Q, then Q| V is also a quasinilpotent operator on V .
For a Lie algebra L ⊂ B(X ), L means the closure of L in B(X ). For any T ∈ L, ad T : L → L is quasinilpotent (i.e., lim (ad T ) n 1/n = 0) if and only if ad T : L → L is quasinilpotent if and only if (ad T ) n (S) 1/n → 0, for any S ∈ L, as n → ∞.
For any S ∈ B(X ), λ ∈ C and r ≥ 0, the elementary spectral manifold η λ,r (S) of S is defined as follows (see [10] : η λ,r (S) := {x ∈ X | lim sup (S − λ) n x 1/n ≤ r} and η λ (S) := η λ,0 (S).
Some results on elementary spectral manifolds can be found in Section 3 of [10] . 
Claim 2. L| V is an Engel Lie algebra on
Hence L| V ⊂ η 0 (ad S| V ). Note that S| V is a Riesz operator. ad S| V has countable spectrum by Rosenblum's theorem. By Proposition 3.3(i) in [10] , [10] . That is, L| V is an Engel Lie algebra on V .
Claim 3. L| V is an Engel Lie algebra on V . For every S| V ∈ L| V , there is a sequence {T n | V } in L| V such that lim n→∞ T n | V = S| V , and S| V is a Riesz operator by Claim 1. The spectrum of S| V is countable. So the spectrum of ad S| V is countable by Rosenblum's theorem. Note that lim n→∞ ad T n | V = ad S| V , and the spectral radius is continuous at ad S| V (cf. [8] ). We have r(ad T n | V ) = 0 on L| V since the operator ad T n | V : L| V → L| V is quasinilpotent by Claim 2, so r(ad S| V ) = 0. Hence, L| V is an Engel Lie algebra.
Note L| V is a closed Engel Lie algebra in B(V ). For every T ∈ L (k) , T is a compact operator, and hence so is T | V . Suppose T | V = 0. If dim V = 1, then by Lemma 1.1, L| V has a nontrivial invariant subspace. This contradicts the choice of V . So dim V = 1. But for every 4. Compact quasinilpotence. The theory of topological radicals of normed algebras was initiated by P. G. Dixon [3] . The definition of compact quasinilpotence was given by V. S. Shulman and Y. V. Turovskiȋ [11] . One can find the definition of joint spectral radical in [9] . The following lemma can be found in [13] .
Lemma 4.1. If a Banach algebra A is generated by a nilpotent Lie subalgebra or a finite-dimensional solvable Lie subalgebra, then A/R c (A) is commutative, and R c (A) = Rad(A). Proof. This is trivial by Theorems 3.1 and 4.1.
